Let G H and G2H denote, respectively, the strong and Cartesian products of graphs G and H . (We recall that K 2 K 2 is the complete graph K 4 on four vertices, while K 2 2K 2 is a four-cycle C 4 .) Using a simple construction, we show that, for every bipartite G, the graph G K 2 is a minor of the graph G2C 4 . In particular, the d-cube Q d has a complete minor on 2 (d+1)/2 vertices if d is odd, and on 3 · 2 (d−2)/2 vertices if d is even. We do not know whether such a complete minor of Q d is largest possible.
The strong product of two graphs G = (U, E) and H = (V, F) with vertex sets U and V and edge sets E and F, respectively, is the graph G H on the vertex set {(u, v) | u ∈ U, v ∈ V }, two such vertices (u 1 , v 1 ) and (u 2 , v 2 ) are adjacent if and only if: (1) u 1 u 2 ∈ E and v 1 = v 2 or (2) u 1 = u 2 and v 1 v 2 ∈ F or (3) u 1 u 2 ∈ E and v 1 v 2 ∈ F. (So that K 2 K 2 is the complete graph K 4 on four vertices. More generally, K p K s = K ps .) The Cartesian product of G and H is the graph G2H obtained from G H by deleting the 'type (3)' edges. (So that K 2 2K 2 is the two-cube, i.e., the four-cycle, Q 2 . More generally, the d-cube Q d can be defined as the Cartesian product of d copies of K 2 = Q 1 . Observe that the Cartesian product is associative.)
A graph H on the vertex set {1, . . . , n} is a minor of a graph G if there are disjoint subsets V 1 , . . . , V n of the vertex set of G such that: (a) every V i induces a connected subgraph of G; and (b) whenever i j is an edge in H , there is an edge between V i and V j in G. Our main result is the following.
LEMMA. For every bipartite graph G, the graph G K 2 is a minor of G2Q 2 .
PROOF. Let us write the vertex set of Q 2 as {00, 01, 10, 11}. For a vertex v of G, let v 00 , v 01 , etc., be the short-hand for the vertices (v, 00), (v, 01), etc., of G2Q 2 . Let A∪B be a bipartition of G.
and
Clearly, the collection of sets
Further, for each v ∈ G, there is an edge between V 0 (v) and V 1 (v). Finally, if uv is an edge in G with say u ∈ A (and, hence, v ∈ B), then the edge u 00 v 00 in G2Q 2 is an edge between V 0 (u) and V 0 (v), the edge u 01 v 01 in G2Q 2 is an edge between V 0 (u) and
Recall that the Hadwiger number η(G) of a graph G is the maximum natural h such that K h is a minor of G. Setting G = Q d−2 (so that G2Q 2 = Q d ) in the statement of the lemma and using induction on d, we readily obtain the following.
A. Kotlov FIGURE 1. Cartesian product of two paths. REMARK 1. It is easy to see that the lower bound on η(Q d ) given in the corollary is sharp for d ≤ 4. I do not know whether it is sharp in general (in particular, I could not decide whether Q 5 had a K 9 -minor) but I suspect it is. On the other hand, a simple comparison of the number of edges in Q d and its complete minor on η vertices yields:
A more careful edge counting gives a slightly better estimate:
the presence of the summands 2 d − η and 2 d−1 − η in the above inequality can be justified as follows. Let V 1 , . . . , V η be a partition of the vertex set of Q d certifying that K η is a minor of Q d . Let T i be a spanning tree of V i . Then the summand 2 d − η counts the total number of edges within the T i 's. Further, suppose that a path uvw is a subtree of T i . Then the vertices u and w have a common neighbor, x, in Q d −{v}, and hence one of the edges ux and wx is a 'redundant' edge outside of T i . The summand 0.5(2 d − 2η) is a lower bound on the total number of such edges. REMARK 2. In the statement of the lemma, the graph Q 2 can be replaced by none of its proper minors. For example, G K 2 is not a minor of G2K 3 once G is sufficiently dense, nor is it a minor of G2P 4 once G is sufficiently connected (P 4 is a path on four vertices). Similarly, the bipartiteness of G cannot be spared. For example, the statement of the lemma is false for G = K 3 , as K 6 = K 3 K 2 is not a minor of the graph K 3 2Q 2 shown in the figure. In fact, we can obtain a planar graph from K 3 2Q 2 by deleting the two dotted edges. However, K 6 minus two edges is not planar since, by Euler's formula, a planar graph on six vertices has at most 12 edges.
